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Report Title

ABSTRACT

2-D vortex dynamic arise naturally in helicopter turbulent models. It is important to understand its behavior.

This project is part of a long term on-going work. The goal is to develop methodology for understanding statistical behavior of complex
flows by

1. computing dynamic entropy (large deviation theory) associated with stochastic systems defined by first principles

2. analyzing large particle and large time limit of the dynamic entropy to derive or mathematically characterize quasi-potentials (using
Hamilton-Jacobi equations).

Novel techniques both in large deviation theory and in Hamilton-Jacobi equation theory are developed in the funded research period. Future
research in this area will continue.
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Turbulent flows have strong impact to our daily life. In army operations involving helicopter, complex vortex dynamics arise
naturally. It is important to understand them.

This project is focused on developing a rigorous mathematical framework to understand statistical behaviors arising from some
complex flows. The original goal was just to focus on a particular type of 2-D vortex flows known as the
Onsager-Joyce-Montgomery theory. Significant progress on this problem has been made with a complete solution expected to
be finished soon. During the research process, a bigger structure has emerged. New methodologies are introduced which has
potential to work for some multi-D irrotational compressible flows related to Euler equation. The details will be explored in the
future.

Specifically, during the funded period,

1. a rigorous approach to verify the Onsager-Joyce-Montgomery theory for 2-D vortex dynamic is proposed. A controlled PDE
(variational problem defined on curves in space of probability measures) is rigorously analyzed (joint article with Andrzej
Swiech, accepted by Transaction of American Mathematical Society). Further works involves rigorously establishing a large
deviation principle to give dynamic version of entropy (i.e. energy functional in the variational problem) for underlying stochastic
model, and for analyzing large time behavior of the entropy. These on-going works are being pursued now and will appear in
the near future.

2.well-posedness of stochastic scalar conservation laws with multiplicative noise was given. This is the first results for this kind
of equation. The well-posedness of deterministic scalar conservation law equation was first given by Kruzkov in early 1970s,
through the introduction of entropy solution. In an article (joint with David Nualart, Journal of Functional Analysis 2008), the right
generalization to stochastic case was discovered to enable the uniqueness proof to stochastic setting.

3. the P.1. and collaborators introduced a new class of equations (Hamilton-Jacobi equation in space of probability measures) to
study large deviation and controlled PDEs motivated from mechanics. The first result of its kind for well-posedness of this class
of equation is proved using theory of optimal mass transportation techniques. Subsequent works to systematically develop this
into a bigger picture are currently under its way (joint works with Thomas G. Kurtz, Markos Katsoulakis and Andrzej Swiech). It
is found that such equations also arise from the recent Lasry-Lions mean-field games.

4. A particular type of compressible irrotational flows is derived as action minimizer for a variational problem related to
probabilistic large deviation of interacting particle systems. In particular, a Hamilton-Jacobi equation in space of probability
measure formulation of the Hamiltonian-Lagrangian formalism is given and the Hamilton-Jacobi PDE is shown to be
well-posed. (joint work with T Nguyen, Journal de Mathematique Pures et Appliquees). Future works focusing on large time
behavior for such equations is currently under its way.
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